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Abstract 

A nuclear physics example of the U(6/2) super symmetry group is consid- 
ered. It is shown that this group contains a supersymmetric subgroup with a 
structure similar to the SUSY model of the quantum field theory (QFT). A 
comparison of two models helps to clarify the relation between the supersym- 



> 

' metry schemes of QFT and of nuclear physics. Using this similarity relation 

between the numbers of the bosonic and fermionic states similar to the funda- 
mental relation in QFT is obtained. For those supermultiplets with at least 
two fermions the numbers of the bosonic and fermionic states are equal as in 
QFT. 



I. INTRODUCTION 

O 

Supersymmetry is a very interesting subject which is widely discussed in different sub- 
fields of physics. Supersymmetry has a long and interesting history. It was discovered in 
the particle physics, however, the ideas of supersymmetry have found in nuclear structure 
physics a very extensive application. Several good examples of an approximate dynamical 
supersymmetry have been found there. The investigations of the dynamical supersymme- 
tries in nuclear structure physics has been initiated by F.Iachello and the results obtained 
are summarized in [p]]. 

It was found that the combined algebras are particularly useful in a description of the 
properties of odd-even nuclei. Moreover, an attempt to get a classification in which several 
nuclei including even and odd ones are described by the same Hamiltonian has been realised 
and very interesting results have been obtained fljdTSf 

However, the formalism to introduce the supersymmetries used is different in particle 
physics [|T4| -|T6|j and in nuclear structure physics. This makes a comparison more difficult and 



also restricts the application of the examples found in nuclear physics. In nuclear structure 
theory the main attention has been paid to the construction of the Hamiltonians, which 
exhibit dynamical supersymmetries. Such Hamiltonians are represented by the sums of the 
Casimir operators for an appropriate subgroup chain of U(6/fi), where Q is a maximum 
number of the fermions in a system. Taken with the same parameters the Hamiltonians 
constructed in this way have been applied to the description of different nuclei including 
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even and odd ones. However, previous works considered those subgroup chains in which 
already at the first step a classical Lie algebra formed by the operators of the Bose sector 
of U(6/f2) appears. 

For this reason, the operators of the Fermi sector (in the following called super operators), 
i.e. the operators transforming bosons into fermions and vice versa do not appear 
explicitly in the subgroup chains. The super operators of the basic U(6/f2) graded algebra 
commute with a Hamiltonian which is a function of only the Casimir operator of U(6/f2), 
which is the operator of the total number of bosons plus fermions. Such a Hamiltonian is 
too simple to describe real nuclei and it does not contain an interaction. In other words, the 
super operators analogous to those which are included in a construction of the Lagrangians 
in a QFT do not appear in this consideration. This indicates the difference in the schemes of 
the realization of the supersymmetry ideas in nuclear and particle physics. The examples of 
the dynamical supersymmetries in nuclear structure physics where the super operators have 
been explicitly introduced and discussed are given in P"B|Jf5f . However, in these examples 



the structure of supergroups is different from that of QFT. 

In this paper we consider a well known example of the supersymmetry from the Interact- 
ing Boson-Fermion model, which on one side has a good experimental realization in 102 Ru, 
103 Rh and 104 Pd [jllBl and on the other side has an algebraic structure which is similar to 
the SUSY model in QFT, however. It is the main aim of the present paper to demonstrate 
this similarity and consider the consequences of it. 



II. U(6/2) NUCLEAR STRUCTURE MODEL 

Below we shall assume that fermions occupy a single particle state with angular momen- 
tum j = 1 / 2 (e.g. a pi/2 state). Thus, the underlying graded algebra is £7(6/2). 

Before starting the consideration let us introduce a Hamiltonian which has a simpler 
structure and which can serve as an introduction to the more general case considered below. 

The simplest Hamiltonian for a system of the noninteracting monopole s-bosons and a 
fermion with a spin equal \ and a good helicity quantum number is 

H = e(atiai i + s + s) (1) 

2 2 22 



This is a standard example found in textbooks [20], by which many features of the su- 
persymmetries can be illustrated. However, this Hamiltonian does not possess rotational 
symmetry and is not realized in nuclear physics. A simple extension of this Hamiltonian 
which possesses rotational symmetry is 

H — e(ati aii + at +s + s). (2) 

22 22 2~2 2 2 

The super operators commuting with the Hamiltonian (Q) are atiS and at_iS. They trans- 

2 2 2 2 

form eigenstates of this Hamiltonian into another ones with the same energy by changing 
the number of fermions in the state. 

We go one step further and introduce the Hamiltonian which is used in the nuclear physics 
example below and includes not only monopole s-bosons but also quadrupole <i-bosons. We 
shall consider the case of the so called U(5) dynamical symmetry limit, for which the numbers 
of s- and <i-bosons are conserved separately. In this case the Hamiltonian takes the form 
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H = e(N F + N 8 ) + H d 



(3) 



where N s = s + s and N F = ^2 m ay 2m ai/ 2m are the number operators for the s-bosons and 
the fermions, correspondingly, and 



H d = e d J2 d t d v + H C L(d + d + ) LM (dd) LM - 



L=0,2.4 



The supercharges commuting with the Hamiltonian (|3|) are 

P\/2m = a t/2m S -> P l/2m = S+a l/2m, 



(4) 



(5) 



[H, P 1/2m ) = [H, P+ /2 J = 



(6) 



Let us consider a graded algebra which contains Pi/ 2m and P\/ 2 m operators. The anti- 
commutator of the supercharge operators P\/2m and Pi/ 2m * s 



{Pl/2m,P^m'} = 5mm>(N s + ^N F ) - ^{-1)^ ' G^^S^ 

where Si v is the operator of the spin of the fermions 

Q ^ n \j2m! + 

~~ 9 2^ °l/2ml?7 a i/2m' a l/2m, 



(7) 



(8) 



and C%f3 n is a Clebsch-Gordan coefficient. The next set of the anticommutators is simple 



{ P l/2m> P l/2m'} ~ {Pl/2m, P\/2m'} ~ 0, 



(9) 



The operators N s and N F commute with each other and with Si v . The operators Si v 
satisfy the usual commutation relations for spin algebra 



[Sir) ) Sir)'] — \p2C^ ] i 1 , r] S\ r) >i 



(10) 



Finally we consider the commutation relations of the operators N s , N F and Sin with the 
supercharges P\/2m and Py 2m - They are 



Pi /2m,) N s 



Pl/2mi 



(11) 



Pl/2m, N F 



— Pi /2m, 



(12) 



Pl/2mj Sir] 



V3 n l/2m> p 
^ _ °l/2mlr)- r l/2m'- 



(13) 



The operators Pi/ 2m , P\/ 2 mi N s , N F and Si v form a graded algebra, which is £7(1/2), 
and the Hamiltonian @ corresponds to the following reduction chain 
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[7(6/2) D 17(5) <g> 17(1/2) 



(14) 



The multiplets of the eigenstates of the Hamiltonian (^|) with the same energy combine 
the states with different number of fermions. For this reason they are called supermul- 
tiplets. Applying the super operators P\/2mt P\lim we can transform one member of the 
supermultiplet into an other one with different number of fermions. All states belonging to 
the supermultiplet can be created by a repeated application of the supersymmetric operators 
Pii and Pi_i to some basic state \n s ,n d > with n s and n d being the numbers of the s- 

2 2 2 2 

and a— bosons in this state, correspondingly. This state does not contain fermions. The 
complete supermultiplet thus includes the following states 

\n s ,n d >= (s+) n °{(d + ) nd } IM \0>, 
Pn\n s ,n d >,Pi_i\n s ,n d >, 

2 2 2 2 

PiiPi_i\n„n d > . (15) 

Above the state \n s , n d > is an analog of the Clifford (fermion) vacuum of the Susy model 
of the QFT. Examples of the complete supermultiplets are shown in Table 1. Looking at 
these examples we see that there is an interesting relation between the total number of 
the bosonic states, which include by definition states without fermions and also states with 
even numbers of fermions, and fermionic states, i.e. states with odd numbers of fermions, 
in the supermultiplet. In the supermultiplets, which include the states with the number of 
s-bosons equal or exceeding two, the total number of the fermionic (magnetic) substates 
is equal to the number of the bosonic (magnetic) substates. In the supermultiplets, which 
include states with the number of s-bosons equal or not exceeding one, the total number of 
the fermionic (magnetic) substates is equal to twice the number of the bosonic (magnetic) 
substates. This relation will be extended in the next section where the formal proof will be 
presented. 

A nice and well known example of the approximate supersymmetry in nuclear physics 
corresponding to the Hamiltonian @ is given in 0H]. It is a complete supermultiplet 
containing the three nuclei \f Ru 58 (N s + N d =7), \f Rh 58 (N s + N d =Q, N F =1) and also 
the two quasiparticle states of ^Pdss (N s + N d =5, Np=2 ). However, the experimental 
information on the two quasiparticle states in 104 Pd is insufficient. A possible candidate 
for the lowest state in 104 Pd belonging to the supermultiplet is + (1793 KeV) state seen 
in (3~ decay of 104 Rh with logft=5.5. Experiments on 103 Rh ( 3 He,d) will be important to 
clarify a situation. The odd proton occupies the pi/ 2 single particle state. The experimental 
spectra are given in Fig.l. We put in Fig.l the + two quasiparticle state of 104 Pd at the 
same energy as the ground states of 102 Ru and 103 Rh because in SUSY approach to nuclear 
structure we are dealing with the energies of the states relative to the lowest state of the 
multiplet in the same nucleus. This is also the reason why in (Q) the same coefficient is used 
in front of Np and N s terms. The corresponding full Hamiltonian H which includes total 
energies is 

H = e F N F + e s N s + H d . (16) 

If we consider only relative energies H is equivalent to H of (|3|), however. This can be seen 
by rewriting H as follows 
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H = {e F - e s )N F + e s (N F + N s ) + H d . 



(17) 



One notes that the first term on the r.h.s. of flT7| ) does not influence the relative energies. 
This is why this term is omitted which leads to the Hamiltonian if of (|3|). 

We see in Fig.l that although the supersymmetry is realized with a good accuracy in 
102 Ru and 103 Rh the symmetry is broken. So, to describe the experimental data in more 
details it is necessary to add to the Hamiltonian @ a term which breaks the supersymmetry 
described above. This term can be choosen as 

H break = aN s -N F + (3L d -S, (18) 

where L d = \/T0(d + d)i is the operator of the orbital momentum of <i-bosons. 



III. FORMAL COMPARISON OF SUPERSYMMETRY IN U(6/2) MODEL AND 

IN QUANTUM FIELD THEORY 

In this section we shall compare the commutation and anticommutation relations be- 
tween the operators of the U(l/2) superalgebra considered in the preceeding section with 
those of the SUSY model of the quantum field theory. This comparison will demonstrate 
a close similarity between both sets of relations and also some difference between them. 
The similarity will be used further to derive a formal relation between the numbers of the 
bosonic and fermionic states in the supermultiplets. In QFT the supercharges analogous to 
our operators P\jim an d Puzm are denoted by Q„ and (Qa) + i where a is a spinorial index 
and L is an index connected with an intrinsic symmetry group. They commute with the 
4-dimensional Lorentz momentum P^ 

QtP»] = \{Q L X,P»] =o, (19) 

and therefore with the Hamiltonian, which is a /i=0 component of P M . 
The anticommutator of the supercharge operators and (Q„) + is 

{e(Q?) + } = 25 iM E<^ (20) 

where cr^ 1 is a Dirac matrix. The second anticommutator is 

{QZ,Cff} = 0. (21) 

In addition to the super operators Q^, {Q^) + an d the Lorentz 4-dimensional momentum 
P^ the SUSY model of QFT can includes also the boson type operators, which form the 
intrinsic symmetry Lie algebra in QFT, where they are denoted by Bi. The operators B\ 
satisfy to the following commutation relations. 

[B>i, B m ] = i 2J fimkBk, (22) 
k 

where fi m k are the structure constants. The commutators between the intrinsic operators 
and super operators are 
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[<£,Bi]=i y £Ai M Q. 

M 



LM r\M 

a i 



(23) 



Now these relations can be putted in a correspondence with those relations obtained in 
the preceeding section. This is done below, where the corresponding relations are connected 
by the left-right arrows 



P\/2n 



Qa,H 



P„ 



N s - N F , S 



) °lr) 



Br 



(24) 



(25) 



-Pl/2m, H 



Qa i Pu 



(26) 



{ P l/2m',Pi/2rn} ~ 5 mm' (n, + ^ Nf ) + ^ 53 C \/lZx V S ^V 



(27) 



{Pl/2m, Pl/2m'} = {Qt Q?} = 0, 

[Sir,, Slrj'] = V^Cl^/^Sirfi •<=>- [Bi,B m ] = j ^ flmkBk 



(28) 
(29) 



P\/2rai N s — P\/2rai P\/2mi Nf\ — — P] 



l/2mj 



P\/2mi S 



1'/ 



L/2m' p 
l/2mlrT l/2m' 



LMr\M 

a 



M 



(30) 



It is easy to see a strong similarity between analogous relations in the QFT and in the nuclear 



case. This similarity is evident for the relations (p6| , p8| -pOD . We notice, however, some 
difference in the structure of the expressions on the right hand sides of the anticommutators 
in (|2TD . This distinction is due to the difference in the underlying bosonic algebras in QFT 
and in nuclear case. This difference is reflected in the relation between the numbers of the 
bosonic and fermionic states in the supermultiplets, which we shall consider below. 

As in quantum field theory this relation can be obtained by multiplying both sides of 
the relation (|7j) by (—1)^ and taking a trace. On the left side we get 



TV {{-l) NF Py2mP^2m> + i-^P^m'Pl/^ 
TT ({-l) NF Pl/2mPt,2m> + ^(-1)^%^) 

Tr ((-l)^P 1/2m P+ 2m , - (-l)^P 1/2m P+ 2 J = 



(31) 



Above we have used the invariance of the trace operation under the cyclical permutations of 
the operators and the commutation relation (12). Since the relation (|7|) can be also written 

as 
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{Pl/2mi P%/2m'} ~ ^mm'S + S + Oi/2 m a l/2m' (32) 

by taking m = m' and summing over m we get 

Tr ((-lf F (2N s + N F fj = 0. (33) 
In fact (BBD contains the relation between the numbers of the bosonic and fermionic states 



in the super mult iplets. To show it let us rewrite the trace in (|33D in an explicit way as a 
sum of the diagonal matrix elements of the operator in circular brackets. Since the super 
operators on the left of fl32"D have nonzero matrix elements only between the states belonging 
to the same supermultiplet this sum is restricted to these states 

J2 <a\(-lf F (2N s + N F )\a>=0 (34) 

a£supermultiplet 

Above the index a includes bosonic states, i.e. the states without fermions and with two 
fermions, and fermionic states, i.e. states with one fermion. Since two fermions can be 
coupled in our case only to zero angular momentum the number of magnetic substates 
without fermions is equal to the number of magnetic substates with two fermions. Therefore, 
both are equal to the half of the total number of the bosonic magnetic substates in the 
supermultiplet, which we denote as Let np be the total number of the fermionic states 
in the supermultiplet. Applying (|3"1D to the supermultiplets with N s + Np = N'^ iax > 2 one 
obtains 

^n B ■ 2N™ ax - n F (2(N™ X - 1) + 1) + \ B (2(N™ ax - 2) + 2) 

= (n B -n F )(2Nr x -l) = (35) 

and thus n B = np. Above N™ ax is a maximum possible number of the s-bosons in the 
states belonging to a supermultiplet. 

For the supermultiplet with N s + Np=l we get from 



1 . . 

-n B • 1 - n F = (36) 

Thus we can formulate the following rules: 

-In the supermultiplets which include the states with N s + iV^ > 2 the number of bosonic 
(magnetic) substates is equal to the number of the fermionic (magnetic) substates. 
-In the supermultiplets containing states with N s + Np = 1 the number of the fermionic 
(magnetic) substates is equal to twice the number of the bosonic (magnetic) substates. 
There is some difference in the relations between the numbers of bosonic and fermionic states 
in nuclear case and in QFT where for all supermultiplets (excluding ground state) rip = n B . 
This difference is a consequence of the difference in the anticommutation relations ([?[) and 

Since the relation between the numbers of the bosonic and fermionic (magnetic) substates 
is a fundamental point in QFT, consider from this point of view the eigenstates of the 
Hamiltonians (|l|J^). The supermultiplets of the eigenstates of the Hamiltonian ([[]) correspond 
to the supermultiplets of the QFT with the zero rest mass Clifford (fermion) vacuum. In 
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this case helicity is a good quantum number. The one-fermion state is, for instance, an 
analog of neutrino and a one s-boson state is an analog of S-neutrino. In the case of the 
Hamiltonian (|2]) a one-fermion state is an analog of electron with two possible projections 
of the spin. 

In the QFT the following expression has been derived for the Hamiltonian. If we multiply 
both sides of (p0| ) by a^p an d sum over a and (3 we get 

H = P = W{Qt(Q L a ) + }- (37) 

In our case the relation, which can be derived in a similar way, is different because of the 
difference in the anticommutation relations (0) and ( |20|) 

H=\n f + \y, { *W Ptfrn} + H d , (38) 

which is equivalent from the excitation energy point of view to 

H=lT,{ P i/2 m ,P 1 + /2m }+H d , (39) 

However, the ground state (i.e. the state with zero numbers of fermions, s- and d- bosons) 
of our Hamiltonian has zero energy as in QFT. 

IV. CONCLUSION 

We have considered the comparison of the supersymmetry concept in nuclear structure 
theory and in quantum field theory. The nuclear structure model based on the U(6/2) 
graded algebra is considered. It is shown that the U(6/2) algebra has a graded subalge- 
bra whose generators commute with the model Hamiltonian. Thus, the existence of the 
super symmetric operators transforming bosons into fermions and vice versa and commuting 
with the Hamiltonian is demonstrated. We have furthermore obtained explicit expressions 
of the wavefunctions of the various members of supermultiplets. For supermultiplets with 
Np + N s > 2 we find an equal number of boson and fermion type (magnetic) substates in the 
supermultiplet. This corresponds to the fundamental property of supermultiplets in QFT. 
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TABLES 



TABLE I. Wave functions of the members of supermultiplets with various numbers of s- and 



d-bosons. P 1/2m = a[ /2m s. 



N s + N F 


Boson 


Fermion 


Boson 




3 s-boson system 


3 


s+s+s+|0 > 


Pi is+s+s+10 >= 3atiS + s + |0 > 


PuPi is+s + s+|0 >= 6atiat 


is + |0 






2 2 2 2 

Pi is+s+s+10 >= 3a| 1 8 + s + \0> 

2 2 


2 2 2 2 2 2 2 " 


2 


2 s-boson system 


2 


s+s+|0 > 


Pi is+s+10 >= atiS+IO > 

2 2 2 2 

Pi is+s+10 >= a| 1 a+|0 > 

2 2 --- 


PuPi is+s+|0 >= atiat 

2 2 2 2 2 2 2 


i|0 > 

2 


2s, ld-boson system 


2 


s+s+d+|0 > 


Pns+s+d+10 >= 2atis+d+|0 > 

2 2 P 2 2 ^ 

Pi_is+s+d+|0 >= 2at L s + d+\0> 

2 2 9 9 


PuPi is+s+d+|0 >= 2atiat 

2 2 2 2 ^ 2 2 2 " 


.id+10 

2 


1 s-boson system 


1 


s+|0 > 


Pns+10 >= atilO > 

2 2 2 2 

P 1 lS +|0 >= at JO > 

2 2 2~2 


PuPi is+|0>=0 

2 2 2 2 




ls,ld-boson system 


1 


s+d+\0> 


^iis+d+|0 >= a|id+|0 > 
P±-±s + d+\0 >= at id+|0> 


PuPi is+d+|0>=0 

2 2 2 2 ^ 




s-boson system 





|0> 


PnlO >=0 

2 2 

Pi i|0>=0 

2 2 
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FIG. 1. An example of the U(6/2) supersymmetry in nuclei. A part of the experimental 
spectra of the 102 Ru- 103 Rh- 104 Pd supermultiplet [QQ is shown. The energies are given in KeV. 
The two quasiparticle states in 104 Pd are not identified. A possible candidate for the lowest state 
in 104 Pd belonging to the supermultiplet is + (1793 KeV) state seen in (3~ decay of 104 Rh with 
logft=5.5. Experiments on 103 Rh( 3 He,d) will be important to clarify a situation. We note that 
the number of boson type (magnetic) substates in the multiplet (in 102 Ru and 1 Pd) is equal to 
the number of fermion type (magnetic) substates in the multiplet (in 103 Rh). This holds for some 
low lying multiplets as e.g. the multiplets based on the + and 2 + states in 102 Ru. 
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